Composite Functions

Let us consider two maps £ 4—8 and g:B—C. We can define a new map h:Ad—C as follows: For any v&
we can define fi(v) = g{f(x)]. The function */i' so defined is called the composite of /& g and written as

fr=gofi(x). Thus gof(x) = gif(x)}. It should be followed clearly that to each x£4 the function ‘go/” associates
the g-value of the f~value of v, The compesite function is also called function ol function.

gl f{x)) = hix)
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¢ Let fix) = sine and g(x) =) | - x| . Find goftx), fop(x), goglx) & fof{x).

Sol.  gofix) = glfix)} = glsiny) = | 1=sinx]| .

Jog(x) = flalx)}= l |]—.1’|} =siny|1=x].
gog(x) =glg(x)}= g{ﬁﬂ I—,ri= = \”1 ] |—.r|| .

_.Fi‘.n_,lf,i[-:i:}f= Sy = f(sinx) = sin(sin x).

o
? Il fix)= EI_ Find £[/1f(x)}] and draw it’s graph,
-X
Sol. f(x)= ‘ILL .t is defined when x 2 1.

- X
_ | | |
\J .I' ] — = -
Now, [{f{x)] "{[I—x] (I——I] [|_..r_-_!]
|=x |—x
l—x
= = whenx= 1:alsox=10
—X
x—1

= whenx 210, |
X

SO = ———=
=

X
= . ox=01

T=x+1

= xwhenx#0, 1.

y=fI1}]

/1 g

If fix)=x+1:0=x<2 and gix)5 x|;0sx<3. Calculate (og)x, (fof)x, (gofix and (gog)x.

Sol. (foghx =fleglx)} =f(x ):0<x<3
: =lx|+] ;0<x€2&0<x<3
x|+l ;-2<x¥<2&0<x<3

=|x|+] J0Sx<2
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fox = fAfx))
fx+1) (0<x<2
= (x+1)+1 0= (x+1)<2&0<x<2
r+2 =l=x21&0<y<?
x+2 0= x <]

Rest have been left as an exercise for students.
1] Yn el 4 B
m’ If fi(x)= [u—.r ] . where a > 0 and » is a positive integer then show that fif(x)} =x.

Sol.” f(x)=(a-x)"
=@y =[a-{ry]"
I Wn
=[n~ [{ﬂ—.r“}' l }
= l:a - {ﬂ' - }:Illrlu = [:_-r"‘}l"’" =x
= fifx)}=x
Rl [ f(x) = cos(log x), then find the value of f{x}/(¥) --;:-[ f [TT]+ i {.1}*}].
‘Sol.  f(x)=cos(log x)

S~ —’{r[ﬂ . ﬂ.w}]
i

] .
= cos(log x)cos(log v)= E[cus Iﬂg[ 1!] +coslo g{_ry}]

= cos(logx)cos(log y)— %[cns{lng x—log ) +cos(log x + log )]

Let logx=cand logy =4
The given expression
|
= cos a cos f— ;{cus{a — ) +cos(a + )]

= CDSﬂ:ﬂsﬁ—Eusacusﬁ:U
= [O)- %[IE] + ﬂxy}] ~0.

RXM I f(x)=-1+|x=1|i=1=x=]
glx)=2-|x+1| ;-2s5xs1

then calculate (fog)e & (gofix. Draw their graphs.
Sol. (fogix = fleglx)}
= f{2-|x+1]};-22x52

= f{u) where u = 2- | x +1|

%
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==l+|u=1|;where-1<n<3i&-2<rg2

=—1+[2- | x+1] -]

swhere —1€2- | x+ 113 & =2<x<2

B[]
MNow letus solve —1£2-|x+1£3
= =Js-|x+lEID 3zx41R-l
= |x+1E-1 and |x+1j23
== xeR and -3<y+1<3
=5 XER and -4=5x<2
= =4<x=2
The region in which (fog)r is defined is the intersection of
-4<x<2 & 2<x<2 . Aii)
fﬁ'lj:}.t'=—|+||-—|.'=.'+||l.'.—lﬂ.'rﬁ2
Calculation of (gaf)x is lelt for the students,
I f(x)=1+x:0<x<2
=Jd-x.2<x<], Determine g{x) = f{f{x)}.
: T W21 o ) Eol o S {f
Sol. | glv) =ftx) |f{3—r}:2-¢x£3 recamalli)
Now to find f{1+ x) We assume 1+ x = .
SCl+x) = f(u)
N+ 0suc2&0<xg?
C3-w2<u<i&0<xs?
i+l +x) 0=(l+x) €2 & 0<x <2
TP3-(+x):2<(l+0) <3 &0 x g2
_[24xi-1=x<1&0<x<2
| 2-x:lexg2& 0522
24x:0<x=] ) '
q:?—_r;l-:.ril ol A)
From f{f(x}} = /(3 = x) we have i >
N+B=-x);0€3-x<2&2<cx<3
ﬂa"'T}_|3—{3—.rj:2{3~ri3&1{:£3
JA=x 1523 & 2<x<] 4—x:2<x<3 B)
Tlx 0=x<l&2<xg] & Xh X -

24x:0=r=]

glx) = ffixn}= [l—x: l<x<2

d—x;2<x<]

Determine all functions (satisfying the functional relation

.ﬂx:w.f'[ ‘ ]:EHI]' Vre R-{0.1}.

l-x xl=x)
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Sol. Given that f{:r}+f£ ! )=m'lﬂ___2*l“L] A1)
l=x x{l=x) Lx l-x
i
Replacing x by ] we get If‘[_1__}+lf' l L 2
= ] e ]
= L (O [
| = x F=% l=x
— Jr'[-l_]_Tf(i__ll]: N1 - 1.’]—1-{_-1 e, 17 +E ol 2)
|-x r X X
i
. _ | . .
Again replacing r by ——, we et f o W R,
=i o [ T gl =i, =
l-x l-x |-x
; .x--l] 2 2
= f| = |+ f(x)=———+2A1-x) =-2c+2-
X —r -X
< ol (3)
x—1
2x . x+1
Operating (1) + (3)—(2) we get l_.l"(.t‘} = r_—‘l. - :- => f{t] = :—4_]

Mapping of Function

Let 4 and B be two non emply sets and let ' denote a rule, which associates every element of set A to one and
only one element of set £ then this rule or correspondence is called a function or mapping from the set 4 to the set
B. This is written as f: .4 — B and read as *f"maps from “A 1o &, This comrespondence is denoted by v = fix).

Following are the terms frequently used in mapping.
(i) Domain of )/ "=The set 4 is called the domain of the function 3/,
(ii) Co-domain of *f "= The ¢t 8 is called the co-domain of the function *f ",

(i) Range of "~ The set : Sz} xe A fix) e B} is called the range of the function, Clearly, range is

the subset of co-domain.

{iv) v is called the image of *f" under 37" and x is called the pre-image of y.

Note: From the definition of function it follows that there may exist some element in set 8, which
miay not bizw e any canL:S.puﬂlii]lg element st A, But there should not b any x left [¢1EI'I'IEHK ﬂf";” for

which there is no element in set B,

Function as a set of ordered pairs — A function is a set of ordered pairs, no two of which have the same

first component for different 2Znd components.

Way of representing a function
Letd4=11,2.3 and B={1,4,9.}

() Astabular form

(b} Asarrow diagram from the disgram we get

M= A2)=4:.f13)=9

Elementsof4 | 1| 2| 3
Elementsof 8| 1
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(c) As a set of ordered pairs
L= 011,02, 4), (3, 9

(d) Asa formula or an equation fid = B f(x) = x° ,{/’?\1 B

In this case also it is clear that

S == 1/2)=2=4/(3)=3=9 :* |
The above is represented as - 4

f={xf0ixed f(x)=x)

(¢} Verbal description: The diagram shown on right, is an example //?\
A i

of a function as for each yved

there is an unique y&f. In this case

we have f{staie) = capital of comesponding state. Lucknow
¢.g. f(Bihar)= Patna. + Bhopal
It can be represented as Kolkata

F= e yaxe A, vis capital of x)

Remarks: Functions are represented by (a), (b), (c) & (d) only when the set A has finite number of elements.
If the number of elements of 4 is infinite, it will be represented by formula form or equation form and not by

(a), (b), () & (d).

Domain, Co-domain and range of function FPE ol
=7
[

Let us consider the example as given in diagram on right.
Domainof * "= {=1,1,2. 3}
Co-domain of °f "= {1, 4,9, 16}
Rangeof 'f"={1,4,9]

2.10.1 Definitions

(i) Into, Onta Functions or mapping

Into function: If the function .48 is such that there is at least one element in set 8 which is not the 'f im-
age of any element of A, then fis a mapping from A into B and symbollically expressed as /1 4A—"* 3 §

In this case range of *f" is a proper subset of co-domain of *f°.

Onto Function(Surjective). If the function fA—8 is such that each element of B is the f image of at least
one element in A then we say that Fis onto function. 1t is symbollically expressed as Frd_mmmyp

In this case range of /= Bi.c., f{4) = B. It is also called surjective mapping. To show that ' is onto, start
with any y€ 8 and iry 1o find x€4 such that f{x) = . Or, show that the range of f'= co-domain.
One-One, Many-One Mapping

Onc-One or injective mapping- A function £A—8 is said 1o be one-one (injective) if different elements of
set A have different 3/ " images 1n set & Thus no two elements of set 4 can have the same *f* image. In other
words, f(x,) = flx,) = x, = x,. Thus to prove a function one-one, start with Sz} = fix,) and show x, = x,.
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Note: A function is one-one {fand only i no line parallel to the x-axis meets the graph of the [unction at more
than one point. Hence, all strictly increasing and strictly decreasing functions are one-one function.

Obviously. a function may be proved one-one if we are able to prove it strictly mornotonic,

Many one mapping: A function f: A= B is called many-one if at least one element in the set B is the :
image of more than one elements of 4.

Even functions are examples of many-one because these are symmetrical about y-axis and a line parallel to
x-axis cuts the graph at more than one point. Periodic functions are also many one as they have same output at.x,
xg+ Toxgt 2T ete. (T being fundamental period). For more clanity about one-one or many-one, see the graphs below—

¥A

Strictly increasing function Strictly decreasing function
fone-one) fone-one)

i
Vi

o

0
Even junction
(many-one)

=

- -
P e -

Periodic function {many-one}

Types of mapping— Let fd—8
There are four types of mapping as given below—

_4/?\15 rf/;\qﬂ
\_{ \ |
B [

fi} one-ane o (i) ane-ane anto

ar bifective

A /’d_f-\‘ B A /T\\ﬁr
“ .

(i} many-one inio {iv) many-one ohto

Nofe: A function that is both injective and surjective is called bijective.
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Let f:R—R defined by f(x)=3x+5. Show that '/ is one-one onto.

Sol.

Sol.

Giiven fix) = 3x + 5 and domain = R.
Totest *f" is one-one .
S (x)=3 = 0 i.e. fix) increases strictly in R
Jix) 15 one-one,
Alternative:
I.ut_,"f.rljl = fx.)
—] 3_';'1 S=3x+5
= 3, =3, = x, =¥, = fisonc-onec.
To test whether " is onto;
From the given function *f" we find that the range of '/ is R,
Now  because, rnge = R = co-domain |
Hence '/ is onto,
Let A={x/=1=x21} =8 Foreach of the following functions from 4 1o 8, find whether it is
surjective or bijective.

(a) fix)=|x (b) glx)=xix|
(¢) Mx)=x (d) ¢(x)=[x]
(e) Pix)=sin .

To examine where the lunction '/ is one-one.

First Method (Graphical)

Funciions: {a), (d), (¢), are many-one because a line parallel to x-axis cuts them at

. more than one
pomt and (b), (c) are one-one, (Injective)

b My i
\ }'=|-'CF /_}'=I|J‘| /’=IJ’
0 =X /ﬂ T s -
fa} ) /
4 fc)
-u____—:_? _]-"h
ot | VA e
i N ;
1 - e T ¥ —&-] 1
L "B . ¥Y=sinx o
. - | R
I Lo e e e
(d) (el
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Second Method:

Start from f(x,) = {(x,) and show whether x =, only or not. For instance, if we tnkc1{’ﬂl|:.f (0)= wl
Letx, v, €A & Let f{x )= f(x,) | = x| = x| =l [= urzlfr i
= x'=x} = x=4ix (Many-ai
I we take
(c) hxy)=x
hilx,} = hix,) = xl=x
= lxx My tr k) =0
= x,=x.for real x. (Injective)
@x) = [x] is also many-one.
Because ¢(x,) = ¢lx,) = ¢lx.,) =,
ifx,, x, & x; are in [0
eg. 01)=[01]=0
§0.2)=[0.2] =0 etc.
To examine whether the functions are onto,
Range of
ftx) = x| is [0.1]# co-domain of f”
= [_ |”|] hence. ",I'F 15 not onto. . ; e
Range of g(x) = x| A(x) = x* & fx) = sin xvis [, 1] = co-domain of g. i & [ respectiv ely
re. [-1,1]
Hence, g. it & fare onto.
Range of ®x) = [x]={-1,0,1} # co-domain [-1.1].
Therefore ¢(x) 1s not onto.

o

X e N o
: = — ¢ that ; neither injective nor surjective.
Let fR—R defined by f(x)= g prove that 'f" 1s j

Sol. To examine whether 'f” is one-once.

Because *f " is even function in its domain, hence it i1s many-one.
You can also prove the same by the exculion of

Six)=fx) = XX

To examine whether '/ is onlo.

Let us find the range of °f

Let . — =y =p =y
1+ x

My
Fl-p=y=>x==% ]_—-T

==0<y<l ie[0l]

Now x is defined if i 4

-

4 e . LN
Because range of 7/ is [0, I[ # R. co-domain of g
Hence, *f " is not onto. - , =
e, *fisneither onc-one (injective) nor onto (surjective).

=2 T
: e — " e 7 G ST,
Let A=R-{3}.B=FR-{1}and let fA—B defined by f(x) g [s *f " bijective ? Give reasons
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Sol. Letx,x edandand letfix)=f(x)
~ A= 2 . 2
X, =3 X3
= X dx - D=y - 20 6
= x=x,= fis one-one
To, prove that " is onto, first let us find the range of '/,

Eagpee fle T

= a-3=x-2
xr—

= xy-lj=-21 = _\:3_1'-12
r—

x is defined if y = 1
i.e. range of *f " is R={1} which is also the domain of °f
Also, for no value of y, x can be 3 i.e. if we put

= Iy=-3=3y-2
—» -3 =-2(not possible} Hence, 'f* is onto.

Inverse Mﬁppiugﬁmersé function)

Let us consider a one-one function with domain A and range B. Let y€ 8. This member y€ 8 arises from one
and only one member x4 such that f{x) = y, as the function is on¢-one.

Thus, we can define a new function say ‘g’ such that g() =x < flx)=»

We can also notate g by '
ie. x=f"(p)e y=flx).In the form of usual notations (i.e. v as a function of x), we sometimes
represent inverse of p = f{x) as y=f “'(x).In this case, domain of f'= range of ‘f ' and range of

£ = domain of 'f".
47 PN 87 1 \u
L | {
L e
Domain of *f*={1, 3, 0}= Range of [~
and Range of f"={2, 4, 1 }= Domain of £

Only one-one Onfo functions are invertible
For proof, let us consider two functions namely one-one into and many-one onto as shown below :

*‘T/_f-_\«ﬂ A/—.?\B
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In one-one ito, we see that f':m=|~ A2 f(0=3& £ ()=p: £ @h=gz £ (3)= 1 but £ (4) does
not exist. Henee, £is not invertible i e . f7" does not exist for into map.

'"“”“1"“"““““"'““‘rilﬂm\*-t.mﬂmlﬂlul“‘ flgy=3: /) =3ufts)=4and Q) =p: [ (D) =g&rie

t
for one input *3" we have more than one oulputs g & r, which is against the property of a lunction.
Hence. it is elear that anly those

rll'l'l'l..'lll,j[]"-, AT INVer tible which are nether into nor many oane Le W hich
ArE CURE=0e

ante. All one-onc onto functions are strictly monotonic in nature, henee sufficient condition for
the existence ol invertiblity ol an onto (unction ¥ = fix) is that it must be strictly monotonic, 11 a function
||':||,'_"'|'L.:| LS O {EWFELHL‘: “:H..n its ||IVL| s also g IMCreascs or '5.|-L';.-|'L|.'|1\|i.."- ﬂLC'(]T‘.FIl'lLI"r'r

lllastration:
(1) y=x" with domain R is invertible and the inverse is x =" orin the form v =/ '(x) itis y=x",
() v =2 15 not nvertible in R But it is inverible in [0y where the inverse is x = JJ— or in usual notations

= Jx . Itis also invertible in {20, U] having inverseas x = —JJ_' or, in usual nolations v = ~Jx

Note: We can find the inverse of many one function also but only when their domain is restricted such
that i the restricted domain they behave like one-one.

2.11.2  Graph of the Inverse of an Invertible Funetion

Now let us consider a function v = f{x) defined on the set v having a range y. If for each v € ¥ there exists a

single value of x such that f{x)= y then this correspondence defines a certain function x = g{y) called inverse
with respect to the given function v = fix).

Let (h, k) be a point on the graph of the funciion /, then (& #) 15 the corresponding point on the graph of
the inverse of f1.e, g.

The line segment joining the points (7, £) & (k /1) 15 bisected ot right angles by the line
1= 0 that the two points play object-image role in the ine y = x as plane mirror.

It follows that the graph of v = f{x) and its inverse wntten in the form p = g(x) {rather than x = g(v)lor
= {"Y{x) are symmetric about the linc y = x.

The curves y=f{x) and y=f'(x)} if interscet, they do so on the line y = x generally. Hence, the solutions of
Jx) = Yx) are also the solutions of f{x} = x.
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Find the inverse of the function y = log,, [.r T E). (a>0,a=1) (assuming onto),

The funection }‘I]ﬂgl_(.'l.'+'-..|'1'} + I), is defined for all x.

Fa P=g*

since Wx' +1 >y /
~ f,‘- r}lﬁ Iugﬂ't
Now ¥= I{}gil(_r++-.||_1" +’I}:~: Ii::llgrI e ___,_.---""" ,.;’,;’,..A-

1 . I 2¢ | 27 /0,0
S oy= - |+ m— |.log, e = ——.l0g_ ¢ '
.r+\|'r.t'+-1 2y +1] : 2

41

¥x' +1 is positive always so v has sign aslog_e .
Ifa=1;log,e =0&y =0ie yisstrictly increasing
H0<a<l;log e <0&y <0ie yisstrictly decreasing,

Hence, the given function is invertible.

Now _1-=Irrgﬂ(.r+ W+ 1]
= a"=x+yxi+l & at =yt +l-x = X =%{ﬂ" —-:;r""]

: ’ " ; |
The inverse in the form y= f "(x) is y= ?(.:.'r' —n"’:}
| 1s/iv) =2+ x+1 invertible ? If not in which region is it invertible? Give brief reasons (assume f{x) onto),
Since f(x) =x"+x+1 is a many one function, it is not invertible in R. But the inverse can be obtained
by restricting the domain.
The function ¥ or f{x) = x* + x +1 increases strictly in [-1/2, o2) and Yi

decreases strictly in (-oo, —1/2].
Hence, the inverse can be obtained when domain is restricted to either

[-1/2, oo} only or (— o2, —1/2] only.
Now for inverse we have x* +x +1=y
=1z J4y-3
2 -1/2 0
y : —I+*||'4 -
The inverse forxe[-1/2,0) is x = y J=2

-1++d4x-3

2

Le. xX+x+l-y=0ie x=

and inverse in the form

¥ =f"(x) for this region is y=

Scanned with Car



| Let f{x)=2x—x":x=1.Find the roots of the equation f(x) = [).
Graphical::

fix)
From the graph it is clear that f{x)= f7'(x) atx=0,.
Analytical: We know that the curves v = f(x) and v = f'(x) intersect each other on the line v =.x.
Thus solutions of f{x)= f'(x) are same as that of the solutions of f{x) = x.
S x—xt=x

=% =L

: s 1 || , 1 l

| Find the real roots of the equation J"+EIIT+E=—f]+ ﬂ_-Hr_E (D-:::;-:::‘-J
Let yv=—a+ Ja +x I T i
Let v=—a a +: 6 T:

= a+ VY =a +x——
(a+y) I

5 = - ]-
— a +2av+v =a +x——
= o 16
P |
= x=y +iap+—
= 16

: 5 | :
Thus v = ¥* + 2ax +TIE and x= - +2:7,1'+E are inverse of each other.

2 | || 2 1 .
Hence, the curves y =x" +2ax + T3 and y=—a+ ja" +x- 6 can intersect each other only on the

line y»=x. Thus the roots of the above equation are the roots of x* + 2ax + 3 =y

16

| (1—2::}1,’{1—1:;12.1

= xX+(2a-Nx+—=0 = o 4
: 16 - ;

|
We see that for 0 <a < 3 bath the above roots are real and hence are our solutions.
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