VECTOR

In physics we deal with two type of physical quantity one is scalar and other is vector. Each scalar
quantities has magnitude.

Magnitude of a physical quantity means product of numerical value and unit of that physical quantity.
For example mass = 4 kg

Magnitude of mass = 4 kg and unit of mass = kg

Example of scalar quantities : mass, speed, distance elc.

Scalar quantities can be added, subtracted and multiplied by simple |aws of algebra.

5.1

DEFINITION OF VECTOR

If a physical quantity in addition to magnitude -
(a) has a specified direction.

(b) It should cbey commutative law of additions A+B=B+A

(c) obeys the law of parallelogram of addition, then and then only it is said to be a vector. If
any of the above conditions is not satisfied the physical quantity cannot be a vector.

If a physical quanlity is a vector it has a direction, but the converse may or may not be true, i.e.

if a physical quantity has a direction, it may or may not a be vector. example : pressure, surface

tension or current etc. have directions but are not vectors because they do not obey
parallelogram law of addition.

The magnitude of a vector (A ) is the absolute value of a vector and is indicated by |A | or A.
Example of vector quantity : Displacement, velocity, acceleration, force etc.
Representation of vector:

Geometrically, the vector is represented by a line with an arow indicating the direction of vector as

Tai »
ail Length Head

(magnitude)
Mathematically, vector is represented by A
Sometimes it is represented by bold letter A .
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IMPORTANT POINTS :
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5.2

If a vector is displaced parallel to itself it does not change (see Figure)
A=B =C

5
Transition of a vector
R/" B parallel to itself

If a vector is rotated through an angle other than multiple
_>

E’vA
8

A B Rotation of a vector
of 2= (ar 360°) it changes (see Figure).
If the frame of reference is translated or rotated the vector does not change (though its
components may change). (see Figure).

moving frame

Two vectors are called equal if their magnitudes and directions are same, and they represent
values of same physical quantity.

Angle between two vectors means smaller of the two angles between the vectors when they
are placed tail to tail by displacing either of the vectors parallel to itself (i.e. 0 <8 < n).

Zg * i
/ \_
0 0 = y

UNIT VECTOR
Unit vector is a vector which has a unit magnitude and points in a particular direction. Any

vector (.&) can be written as the product of unit vector (A) in that direction and magnitude of
the given vectar,

A=AA or A=

| p

A unit vector has no dimensions and unit. Unit vectors along the positive x-, y- and z-axes of a
rectangular coordinate system are denoted by i 1 and k respectively such that | i =] j |=] k | =1.
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———— Solved Examples

Example 57. Three vectors A, B, C are shown in the figure. Find angle between (i) A and B, (i) B and
¢, (i) A and C.

—
A /
o y 5
_X30° _X45°
B C

Solution : To find the angle between two vectors we connect the tails of the two vectors. We can shift B

such that tailsof A, B and G are connected as shown in figure.

Now we can easily observe that angle between A and B is 60°, B and C is 15° and between
Aand C is 75°

Example 58. A unit vector along East is defined as i. Aforce of 10° dynes acts west wards. Represent the
force in terms of | .
Solution : F=-10°i dynes

£Q

5.3 MULTIPLICATION OF A VECTOR BY A SCALAR

Multiplying a vector A with a positive number 2 gives a vector §(= ?.5«) whose magnitude is
changed by the factor 2 but the direction is the same as that of A Multiplying a vector A by a

negative number 2. gives a vector B whose direction is opposite to the direction of A and

whose magnitude is - A times .

Solued Examples

Example §9. A physical quantity (m = 3kg) is multiplied by a vector 3 such that F = ma. Find the magnitude

and direction of F if
(i) 2 =3m/s® East wards
(i) @ =—4m/s® North wards
Solution : () F=ma=3x3ms?East wards = 9 N East wards

(i) F=ma=3x (~4) N North wards = — 12N North wards = 12 N South wards
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5.4

ADDITION OF VECTORS

Addition of vectors is done by parallelogram law or the triangle law :

(a) Parallelogram law of addition of vectors : If two vectors A and Bare represented by
two adjacent sides of a parallelogram bath pointing outwards (and their tails coinciding) as
shown. Then the diagonal drawn through the intersection of the two vectors represents the

resultant (i.e., vector sum of A and B ).
R = A? +B? +2ABcos0
The direction of resultant vector from R is ﬂgiven by

tan § = m= MN - Bsino
PN PQ+QN A+Bcoso
¢=tan"[ Bsin® ]
A +Bcos8

(b) Triangle law of addition of vectors : To add two vectors A and B shift any of the two
vectors parallel to itself until the tail of B is at the head of A. The sum A + B is a vector

R drawn from the tail of Ato the head of B,i.e., A+ B= R.Asthe figure formed is a
triangle, this method is called * triangle method' of addition of veclors.

If the ‘triangle method’ is extended to add any number of vectors in one operation as
shown. Then the figure formed is a polygon and hence the name Polygon Law of addition
of vectors is given to such type of addition.

WA
R

C
B
R

B

A4

A
- I I T I S
=R R=A+B+C+D+E

oy >y

—
A+

IMPORTANT POINTS :

q

99 9 4§

q 9

To a vector only a vector of same type can be added that represents the same physical
quantity and the resultant is a vector of the same type.

As R =[A?+B’+ 2AB cosf]” so R will be maximum when, cos 6 = max = 1, i.e., 8 = 0°,
i.e. vectors are like or parallel and Ry, = A + B.

The resultant will be minimum if, cos 0 = min = -1, i.e.,, 0 = 180°, i.e. vectors are antiparallel
and Ryn= A~B.

If the vectors A and B are orthogonal, i.e., 6 = 90°, R = VA? +B?

As previously mentioned that the resultant of two vectors can have any value from (A ~ B) to

(A + B) depending an the angle between them and the magnitude of resultant decreases as 6
increases 0° to 180°

Minimum number of unequal coplanar vectors whose sum can be zero is three.

The resultant of three non-coplanar vectors can never be zero, or minimum number of non
coplanar vectors whose sum can be zera is four.
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—— Sotued Examples

Example 60.
Solution :

Example 61.
Solution :

Example 62.

Solution :

Example 63.
Solution :

Subtraction of a vector from a vector is the addition of negative vector, i.e.,
A- B=A+ (-B)

(a) From figure itis clear A -B that is equal to addition of A with reverse of B
'

X A0
/ va‘m
-
ry B_'z_'g‘ &3

|A-B| = [(A) + (B) + 2AB cos (180° - §)]'"2

|A-B| = JA? +B? - 2ABcosf
(b) Change in a vector physical quantity means subtraction of initial vector from the final

vector.
—_—
V..
/ Vllnal ﬁv VTmal
=
-

Find the resultant of two forces each having magnitude Fg, and angle between them is 0.

Faessunt = Fo + Fi+2F cos®

= 2F? (1+cos@)=2F (1+2 cos? % 1) = 2F x 2 cos® %
0

Fresutant = 2Fp CcOS E

Two non zero vectors A and B aresuchthat| A+ B|=|A — B|. Find angle between A and B ?
| A+B|=|A-B| = A?+B?+2ABcos@=A’+B>-2ABcos0

= 4ABcos0=0 = cos0=0 :B-%

The resultant of two velocity vectors A and B is perpendicular to A . Magnitude of Resultant is
R equal to half magnitude of B. Find the angle between A and B?
Since R is perpendicular to A. Figure shows the three

vectors A, Band R .angle between Aand B isnt—-0 5

R B 1
sinB= —= — = — = 0=30°
B 28 2 0

= angle between A and B is 150°. A

L]

If the sum of two unit vectors is also a unit vector. Find the magnitude of their difference?
Let Aand B are the given unit vectors and R is their resultant then |F31 | =] A+ Bl
1= J(A) +(B)Y +2|A||B|cose

1=1+1+2cos8 = cosﬂ=—%

| A-B| = (A +(BY 2| A||B|cos0 = J1+1—2x1x1(—%) =3
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5.5

RESOLUTION OF VECTORS

If 2 and p be any two nonzero vectors in a plane with different
directions and A be anather vector in the same plane. A can :5\ y .
be expressed as a sum of two vectors - one obtained by ~—

multiplying a3 by a real number and the other obtained by a

multiplying b by another real number.

A =33 +ub (where A and p are real numbers)
We say that A has been resolved into two component vectors namely 33 and pﬁ

2.3 and pp along 3 and p respectively. Hence one can resclve a given vector into two
component vectors along a set of two vectors - all the three lie in the same plane.
Resolution along rectangular component :
Itis convenient to resolve a general vector along axes of a rectangular coordinate system using
vectors of unit magnitude, which we call as unit vectors. i, j, k are unit vector along x, y and
z-axis as shown in figure below:
y
' j
O >x
; i

k

z
Resolution in two Dimension
Consider a vectar A that lies in xy plane as shown in figure,
A=A +A,
A=Al A=Aj
= A=Aji+Aj
The quantities A. and A, are called x- and y-components of
the vector.
Acis itself not a vector but A, is avector and sois A,

y
) .
Az=Aj A
A, =AsinD :
A=A X
A, =Acos @

Ac=Acos0and Ay=Asin(
Its clear from above equation that a component of a vector can be positive, negative or zero

depending on the value of 0. A vector A can be specified in a plane by two ways :
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Example 64,

Solution :

Example 65.

Solution :

Solved Exvamples

(a) its magnitude A and the direction 0 it makes with the x-axis; or
(b) its components A,and A,. A= JAZ+AZ, @=tan™ %

Note:IfA=A, > Aj=0andif A=A, = A,=0 ie. components of a vector perpendicular
to itself is always zero.

The rectangular components of each vector and those of the sum ¢ = A + B are shown in
figure. We saw that

C = A + B isequivalentto both C,=A, +B,and C,= A, +B,

Resolution in three dimensions. A vector A in components along x-, y- and z-axis can be

written as :
A T N
OP OB BP oC CB " BP

= A= §Z+ ﬁ, +ﬁ,= Ax+§,‘,+.3.z = A,i+A,i+AZR
A= JAL+ AT+ A2
Ac=Acosa, Ayj=Acosf, A,=Acosy

where cos a, cos B and cos y are termed as Direction
Cosines of a given vector A .cos® a + cos?  + cos?y = 1

A mass of 2 kg lies on an inclined plane as shown in figure. Resolve its weight along and
perpendicular to the plane.(Assume g = 10m/s?)

30°

Component along the plane

=20sin 30 =103 N.

Component perpendicular to the plane = 20 cos 30 = 10N

A vector makes an angle of 30° with the horizontal. If horizontal component of the vector is 250.
Find magnitude of vector and its vertical component ?

Let vector is A

Ax=Acosso°=250=ﬂ = A= 200
2 3
A= Asinde® = 220, 1 - 250
Vi 2 3
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Example 66.

Solution :

Example 67.

Solution :

Example 68.

Solution :

Example 69.

Solution :

A =i +2] -3k, when avector B is added to A, we get a unit vector along x-axis. Find the
value of B ? Also find its magnitude

A+B=i

B=i—-A=i-(i+2]-3k)=-2] +3k= |B|= J2+(3) = 13

In the above question find a unit vector along B ?

-2j+3k

Vi3

Vector A, B and ¢ have magnitude 5, 5./2 and 5 respectively, direction of A, B and ¢ are

B=B_
B

towards east, North-Easl and North respectively. If i and j are unit vectars along East and

North respectively. Express the sum A + B + ¢ interms of i, ]. Also find magnitude and
direction of the resultant.
A =5i C =5] 1 -
- - - - - B
B =542 cos45i +5./2 sind45j =5i +5] &1
A+B+C=5i+5]+5]+5] =101 +10] — et
- -3 A
| A+ B+ C|= 10 + (107 =10v2

lan0=%=1 = B = 45° from East

You walk 3 Km west and then 4 Km headed 60° north of east. Find your resultant displacement
(a) graphically and (b) using vectar components.

Picture the Problem : The triangle formed by the three vectors is not a right triangle, so the
magnitudes of the vectors are not related by the Pythagoras theorem. We find the resuitant
graphically by drawing each of the displacements to scale and measuring the resultant
displacement.

N
B -
4cm C
60°
Wil S E
A
3cm S

(a) If we draw the first displacement vector 3 cm long and the second one 4 cm long, we find
the resultant vector to be about 3.5 cm long. Thus the magnitude of the resultant

displacement is 3.5 Km. The angle 6 made between the resultant displacement and the
west direction can then be measured with a pratractor. It is about 75°.

(b) 1. Let A be the first displacement and choose the x-axis to be in the easterly direction.
Compute A,and A, ,A,=-3 ,A;=0
2. Similarly, compute the components of the second displacement B, B, = 4cos 60° = 2,

B, = 4sin60° = 23
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3. The components of the resultant displacement ¢ = A + B are found by addition,
C = (-3+2)i+(2J3)j=-1i + 23]
4. The Pythagorean theorem gives the magnitude of C .

C= 12+(2\/§)2 = 13=36

5. The ratio of C, to C, gives the tangent of the angle 6 between C and the x axis.

23

tan@ = = 0=-74°

Remark : Since the displacement (which is a vector) was asked for, the answer must include
either the magnitude and direction, or both compaonents. in (b) we could have stopped at step
3 because the x and y components completely define the displacement vector. We converted to
the magnitude and direction to compare with the answer to part (a). Note that in step 5 of (b), a
calculator gives the angle as ~74°. But the calculator can't distinguish whether the x or y
components is negative. We noted on the figure that the resultant displacement makes an
angle of about 75° wilh the negative x axis and an angle of about 105° with the positive x axis.
This agrees with the results in (a) within the accuracy of our measurement.

5.6 MULTIPLICATION OF VECTORS

5.6.1 THE SCALAR PRODUCT
The scalar product or dot product of any two vectors A and B, denoted as A . B (read Adot ﬁ)
is defined as the product of their magnitude with cosine of angle between them. Thus,
A.B =ABcos@ {here 8 is the angle between the vectors})

PROPERTIES :

& s always a scalar which is positive if angle between the vectors is acute (i.e. < 90°) and
negative if angle between them is obtuse (i.e. 90° < 0 < 1809

&  |tis commutative,ie, A.B=B.A

&  |tis distributive, i.e. A(B + C)=A. B+A.C

& As by definition A.B = AB cos 0. The angle between the vectors 0 = cos™ {%]

&~ A.B =A(B cos 0) = B(A cos 0)

Geometrically, B cos 0 is the projection of B onto A and A cos 8 is the projection of A onto

Bas shown. So A. Bis the product of the magnitude of A and the component of B along A
and vice versa.

0 0

A —=Bcos 94—

p g

Component of B along A= B cosd

i
A
. A B
Component of A along B = A cos@ = % =A.B ﬂ
&
A
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Scalar product of two vectors will be maximum when cos 6 = max = 1, i.e., 8 = 0° i.e., veclors

are parallel = (A .B)max = AB
If the scalar product of two nonzero vectors vanishes then the vectors are perpendicular.
The scalar product of a vector by itselfl is termed as self dot product and is given by

(A)? = A. A=AA cosd = AAcos0° = A= A=VAA

In case of unit vector fi,

A.n=1x1xcos0°=1 = f.n=Ii,
i

i=ji=kk=1

In case of orthogonal unit vectors i, j and k ; j= j.k=k.i=0
A.B=(iA+]A+kA).(iB,+ |B,+ kB)=[AB,+AB,+ABE,]

— Solved Evamples

Example 70. If the Vectors P = ai +aj + 3k and Q = ai— 2] — k are perpendicular to each other. Find
the value of a?

9 § 49 9

Solution : If vectors P and Q are perpendicular
= P-Q=0 = (ai +aj +3k)(ai 2] -k)=0 = a*-2a-3=0
= a’-3a+a-3=0= a@-3)+1a-3)=0 - a=-13

Example 71. Find the component of 3i+ 4} along i+ 1 ?
Solution : Companant of A along B is given by % hence required component

_ @Gi+4) (D) . 7
V2 V2
Example 72. Find angle between A =3 +4] and B=12i +5] ?
A.B _ (3i+4])-(12i +5))

Solution : We have cos 0 = =
AB 3 +42\12%+5°
_ 36+20 _ 56 _ 4 56
cos= — = — 0=cos ' —
5x13 65 65
(AR

56.6.2 VECTOR PRODUCT
The vector product or cross product of any two vectors A and B, denoted as AxB (read
Across B)isdefinedas: A x B=ABsin6 n.
Here 8 is the angle between the vectors and the direction n is given by the right-hand-thumb rule.
Right-Hand-Thumb Rule:
To find the direction of n, draw the two vectors A and B with both the tails coinciding. Now
place your stretched right palm perpendicular to the plane of A and B in such a way that the

fingers are along the vector A and when the fingers are closed they go towards B.
-+ -+ —

AV=AxB

b

—
niL

—
B

>y
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The direction of the thumb gives the direction of fi .

PROPERTIES :

&~  Vector product of two vectors is always a vector perpendicular to the plane conlaining the two
vectors i.e. orthogaonal to both the vectors A and B, though the vectors A and B may or may
not be orthogonal.

&  Vector product of two vectors is not commutativei.e. AxB = BxA .

But [AxB| = [BxA| = ABsin 6

&™  The vector product is distributive when the order of the vectors is strictly maintained i.e.
Ax(B+C) = AxB + AxC

& The magnitude of vector product of two vectors will be maximum when sin@ = max = 1,
i.e,0=90° | AxB|_,= AB i.e., magnitude of vector product is maximum if the vectors are
orthogonal.

& The magnitude of veclor product of two non-zero vectors will be minimum when
|sin@] = minimum = 0, i.e., ® = 0° or 180° and H_\xé =0 i.e., if the vector product of two
non-zero vectors vanishes, the vectors are collinear.

Note: When 8 = 0° then veciors may be called as like vector or parallel vectors and when @ = 180°
then vectors may be called as unlike vectars or antiparallel vectors.

@&  The self cross product i.e. product of a vector by itself vanishes i.e. is a null vector,

Note : Null vector or zero vector : A vector of zero magnitude is called zero vector. The
direction of a zero vector is in determinate (unspecified). AxA =AAsSn0° A =Q.
Incase of unitvector i, A x A =0 = ixi=jxj=kxk=Q
&~  Incase of arthogonal unit vectors i, j and k in accordance with right-hand-thumb-rule,
ixj=k  jxk=i  kxi=]
@ M
| N
A k i
1
A \/
k
(A) (B)
&= Interms of components,
i ]k
o - A A . A, A - | A A
AxB=|A, A A, |=i B’ B‘ i B* B* B‘ B'
Bl B, Bz Yy z x z x ¥
AxB = i(AB,-AB,)+](AB, -AB,)+k(A,B, -AB,)
&  The magnitude of area of the parallelogram formed by the adjacent sides of vectors A and

Bequalto | AxB|
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———— Soluved Examples

Example 73.
Solution :

Example 74.

Solution :

Example 75.

Solution :

Example 76

Solution :

Problem 1.

Answers :

Problem 2.

Answers :

Problem 3.

Answers :

Wiscellancouns Problens

A is Eastwards and B is downwards. Find the direction of A x B ?
Applying right hand thumb rule we find that A x B is along North.

e ]]

If A - B |, find angle between A and B

x
A -B=|AxB| ABcos0=ABsin@ tan0=1 = 0=45°

Two vectors A and B are inclined to each other at an angle 0. Find a unit vectar which is
perpendicular to both A and B

A x B=ABsinh = f= Ax_B here f is perpendicular to both A and B.
ABsing
Find A xBif A= i —2] +4k and B = 2] — |+ 2k.
i ik
AxB=[1 -2 4=i(-4-(4) -] (2-12) + k (-1-(-6)) = 10] + 5k
3 -1 2

Find the value of

(a) sin (- 6) (b) cos (- 6) (c) tan (- 0) (d) cos (-;-- 0)

() sin (%+ 0) (f) cos (%+ 0) (9) sin (x - 0) (h) cos (r - 6)

S | ) 3n ., 3n 3n

(i) sm(?—ﬂ) Q)cos(?-e} (k) sm(?ﬂl) (I)ccs(-? +0)
i T

(m) tan (E -0) (n) cot (E_ 6)

(a)—sinB (b) cos @ (c)—tan 6 (d) sin@

(e) cos 8 (fl—sind (g) sin@ (h) —cos @

(i)—cos 0 ({)—sinb (k)—cos @ ()sing

(m) cot 6 (n) tan 6

(i) For what value of m the vector A=2i + S‘j -6k is perpendicular to B =3 —m] + 6k

(ii) Find the components of vector A=2i + 3}' alang the direction of i+ |?

. 5
()m=-10 (i) —=.

V2
(i) A is North-East and B is down wards, find the direction of A x B.
(i) FindB x Aif A =3 —2]+6kandB=i-]+k.

(i) North - West. (i) —4i -3]+ k
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